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Technical Analysis and Theory of Finance

In this paper, we analyze the usefulness of technical analysis, specifically the widely used moving
average trading rule, from an asset allocation perspective. We show that when stock returns
are predictable, technical analysis adds value to commonly used allocation rules that invest fixed
proportions of wealth in stocks. When there is uncertainty about predictability, the fixed allocation
rules combined with technical analysis can outperform the prior-dependent optimal learning rule
when the prior is not too informative. Moreover, the technical trading rules are robust to model
specification, and they tend to substantially outperform the model-based optimal trading strategies

when there is uncertainty about the model governing the stock price.



1 Introduction

Technical analysis uses past prices and perhaps other past statistics to make investment decisions.
Proponents of technical analysis believe that these data contain important information about future
movements of the stock market. In practice, all major brokerage firms publish technical commentary
on the market and many of the advisory services are based on technical analysis. In his interviews
with them, Schwager (1993, 1995) finds that many top traders and fund managers use it. Moreover,
Covel (2005), citing examples of large and successful hedge funds, advocates the use of technical
analysis exclusively without learning any fundamental information on the market.

Academics, on the other hand, have long been skeptical about the usefulness of technical anal-

I There are perhaps three

ysis, despite its widespread acceptance and adoption by practitioners.
reasons. The first reason is that there is no theoretical basis for it, which this paper attempts to
provide. The second reason is that earlier theoretical studies often assume a random walk model
for the stock price, which completely rules out any profitability from technical trading. The third
reason is that earlier empirical findings, such as Cowles (1933) and Fama and Blume (1966), are
mixed and inconclusive. Recently, however, Brock, Lakonishok, and LeBaron (1992), and Lo, Ma-
maysky, and Wang (2000) find strong evidence of profitability in technical trading based on more
data and more elaborate strategies. Statistically, though, it is difficult to show the true effectiveness
of technical trading rules because of a data-snooping bias (see, e.g., Lo and MacKinlay, 1990), which
occurs when a set of data is used more than once for the purpose of inference and model selection.
In its simplest form, rules that are invented and tested by using the same data set are likely to
exaggerate their effectiveness. Accounting for the data-snooping bias, for example, Sullivan, Tim-
mermann, and White (1999) show via bootstrap that Brock, Lakonishok, and LeBaron’s results are
much weakened. Using generic algorithms, Allen and Karjalainen (1999) find little profitability in
technical trading. One could then argue that a bootstrap is subject to specification bias and that
generic algorithms can be inadequate due to inefficient ways of learning. In any case, it appears

that the statistical debate on the effectiveness of technical analysis is unlikely to get settled soon.

Our paper takes a new perspective. We consider the theoretical rationales for using technical

!Some academics take a strong view against technical analysis. For example, in his influential book, Malkiel (1981)
says “technical analysis is anathema to the academic world.”



2 An investor is to decide how to allocate his

analysis in a standard asset allocation problem.
wealth optimally between a riskless asset and a risky one which we call stock. For tractability,
we analyze the profitability of the simplest and seemingly the most popular technical trading rule
— the moving average (MA) — which suggests that investors buy the stock when its current price
is above its average price over a given period L.*> The immediate question is what proportion of
wealth the investor should allocate into the stock when the MA signals so. Previous studies use an
all-or-nothing approach: the investor invests 100% of his wealth into the stock when the MA says
‘buy’, and nothing otherwise. This common and naive use of the MA is, in fact, not optimal from
an asset allocation perspective because the optimal amount should be a function of the investor’s
risk aversion as well as the degree of predictability of the stock return. Intuitively, if the investor
invests an optimal fixed portion of his money into the stock market, say 80%, when there is no
MA signal, he should invest more than 80% when the MA signals a buy, and less so otherwise.
The 100% allocation is therefore unlikely to be optimal. For a log-utility investor, we solve the
problem of allocating the optimal amount of stock explicitly, which provides a clear picture of how
the degree of predictability affects the allocation decision given the log-utility risk tolerance. We
also solve the optimal investment problem both approximate analytically and via simulations in
the more general power-utility case. The results show that the use of the MA can help increase the

investor’s utility substantially.

Moreover, given any investment strategy that allocates a fixed proportion of wealth to the stock,
we show that the MA rule can be used in conjunction with to yield higher expected utility. In par-
ticular, it can improve the expected utility substantially for the popular fixed strategy that follows
Markowitz’s (1952) modern portfolio theory and Tobin’s (1958) two-fund separation theorem. Since
indexing, a strategy of investing in a well-diversified portfolio of stocks, comprises roughly one-third
of the US stock market, and its trend is on the rise worldwide (see, e.g., Bhattacharya and Galpin
(2006)), and since popular portfolio optimization strategies (see, e.g., Litterman, 2003, and Meucci,
2005) are also fixed strategies, any improvement over fixed strategies is of practical importance,

which might be one of the reasons that technical analysis is widely used in practice.*

2In models of information asymmetry, Borwn and Jennings (1989), and Kim and Grundy (2002) show that technical
analysis can have value.

3 As time passes, the average price is always computed based on its current price and on those in the most recent
L periods, and hence the average is called the moving average.

4Behaviorial reasons, such as limited attention and optimal learning with limited resources, may explain the use
of simple technical rules in practice.



However, since the MA, as a simple filter of the available information on the stock price,
disregards any information on predictable variables, trading strategies related to the MA must be in
general dominated by the optimal dynamic strategy, which optimally uses all available information
on both the stock price and on the predictable variables. An argument in favor of the MA could
be that the optimal dynamic strategy is difficult for investors at large to implement due to both
the difficulty of model identification and to the cost of collecting and to processing information.
In particular, it is not easy to find predictable variables, nor are their observations at desired
time frequencies readily available. This gives rise to the problem of predictability uncertainty in
practice. In the presence of such uncertainty, Gennotte (1986), Barberis (2000) and Xia (2001),
among others, show that the optimal dynamic strategy will depend on optimal learning about the
unknown parameters of the model, and that, in turn, will depend on the investor’s prior on the
parameters. In the context of Xia’s (2001) model, we find, interestingly, that, with the use of the
MA rule, one can in fact outperform the optimal dynamic trading strategy when the priors are
reasonable and yet not too informative. This seems due to the fact that the MA rule is less model

dependent, and so it is more robust to the choice of underlying predictable variables.

Furthermore, the usefulness of the MA rule is more apparent when there is uncertainty about
which model truly governs the stock price. In the real world, the true model is unknown to all
investors. But for a wide class of plausible candidates of the true model, the optimal MA can be
estimated easily, while the optimal trading strategy relies on a complete specification of the true
model. When the wrong model is used to derive the optimal trading strategy, we show that the

estimated optimal MA outperforms it substantially.

In typical applications, one usually chooses some ex-ante value as the lag length of the MA.
The question of using the optimal lag has been done only by trial-and-error, and only for the pure
MA strategy that takes an all-or-nothing allocation. Since this allocation itself is suboptimal, the
associated optimal lag is suboptimal too. The asset allocation perspective provided here not only
solves the optimal stock allocation problem for both the pure MA and its optimal combination
with the fixed rules, but also determines the optimal lag of the MA. We find that the fixed rules
in conjunction with the MA are fairly insensitive to the use of the optimal lags, while the optimal

generalized MA is not.

The paper is organized as follows. Section 2 outlines the model and various investment strate-



gies. Section 3 provides their explicit solutions in the log-utility case, while Section 4 compares
them both approximate analytically and numerically in the power-utility case. Section 5 analyzes
the strategies when there is parameter uncertainty, and Section 6 studies the case when there is

model uncertainty. Section 7 explores the optimal choice of the MA lag length. Section 8 concludes.

2 The Model and Various Investment Strategies

For simplicity, we consider a two-asset economy in which a riskless bond pays a constant rate of
interest r, and a risky stock can represent the aggregate equity market. Because of the ample
evidence on the predictability of stock returns,® we, following Kim and Omberg (1996), and Huang

and Liu (2006), among others, assume the following dynamics for the cum-dividend stock price S;:

ds

?t = (po + 1 X¢)dt + o5dB, (1)
t

dX; = (90 + GlXt)dt + 0,dZy, (2)

where pg, 11, 0s, 0y, 01 and o, are parameters; X; is a predictive variable; and B; and Z; are standard
Brownian motions with correlation coefficient p. Note that #; has to be negative to make X; a
mean-reverting process. The model is a special case of the general models of Merton (1992). In

discrete-time, it is the well-known predictive regression model (e.g., Stambaugh (1999)).

Given an initial wealth W and an investment horizon 7', the standard allocation problem of an

investor is to choose a portfolio strategy & to maximize his expected utility of wealth,

max Elu(Wr)] (3)
t
subject to the budget constraint

AWy = rWidt + & (po + i Xy — r)dt + &osdBy. (4)

The solution to this problem is the optimal trading strategy. In general, this strategy is a function
of time and the associated state variables. We will refer to it in what follows as the optimal dynamic

strategy, as it varies with time and states.

"There is a huge literature on predictability, examples of which are Fama and Schwert (1977), Campbell (1987),
Ferson and Harvey (1991), Goyal and Welch (2003), and Ang and Bekaert (2007). Kandel and Stambaugh (1996),
Barberis (2000), Pan and Liu (2004), and Huang and Liu (2007) are examples of studies on portfolio choice under
predictability.



In this paper, we assume the power-utility

Wy
1—~’

u(Wr) = (5)

where v is the investor’s risk aversion parameter. In this case, the optimal dynamic strategy is

known (see, e.g., Kim and Omberg, 1996, and Huang and Liu, 2007) and is given by

X — 1-— z
g = Mot r o0 ) 4 g, (6)

where x(t) and ((t) satisfy the following ordinary differential equations:

£(0)+ aCOX() + Sarx(t) + asC(t) +a5 =0, 7)
(1) + (1) + and(r) + a5 = 0, )

with

1 2 1— - —
as = — <M1> ’ a = — " o 400, a5 = talpo —r) T),
Y \0Os

and the terminal conditions x(7') = ((T) =

The assumption that stock returns are independently and identically distributed (iid) over time
has played a major role in finance. It was the basis for much of the earlier market efficiency
arguments, though was known later as only a sufficient condition. Nevertheless, some of the most
popular investment strategies and theoretical models are based on this assumption. Under the iid

assumption, the optimal strategy is

Hs —T
{1 = 5 9
fix1 ’70'3 ()

where ps is the long-term mean of the stock return. This strategy invests a fixed or constant
portion of wealth, &£ ,, into the stock all the time. In discrete-time, this is the familiar suggestion
of Markowitz’s (1952) mean-variance framework and Tobin’s (1958) two-fund separation theorem.5
The strategy is one of the most important benchmark models used in practice today (see, e.g.,
Litterman (2003) and Meucci (2005)). Because of it, passive index investments have become in-

creasingly popular (Rubinstein (2002)). Theoretically, the allocation rule ignores any time-varying

investment opportunities and is clearly not optimal once the iid assumption is violated. A likely

6See Ingersoll (1987) or Back (2006) for an excellent textbook exposition.



practical motivation for its wide use is as follows. Although the stock returns are predictable, the
predictability is small and uncertain. It could be costly for a small investor to collect news and
reports about X; whose benefits may outweigh the costs. As a result, the investor may simply

follow a constant allocation rule even though there is a small degree of predictability.

The fixed rule &; , ignores any predictability completely. An interesting question is, then,
whether one can obtain yet another fixed rule that accounts for the predictability. In other words,
how should the investor invest his money when he knows the true predictable process but not
the state variables? Mathematically, this amounts to solving the optimal allocation problem by
restricting & to a constant. The solution is analytically obtained as (all proofs are given in the

Appendix)
Hs —T
v02 = (1 =) (i A+ 2p105B)’

A:ﬁ 1+ﬂ B = Pz 691T7_1_1
0? 0T ’ 01 0T '

Here we see that, for v = 1, this optimal constant strategy is equal to &; ;. In other words, for

$ixz = (10)

where

investors with log-utility, the optimal fixed strategy remains the same as before, even though the
stock returns are predictable, a fact we can explain largely by the myopic behavior dictated by the
log-utility. For v > 1, however, there is an adjustment in the denominator of (10). In general, the

adjustment can be either positive or negative.

Among the technical trading rules, the rule that is based on the moving average of stock prices
is the most popular one. Let L > 0 be the lag or the lookback period. A moving average (MA) of

the stock price at any time ¢ is defined as

1 t
A, = / S, du, (11)
LJi1

i.e., the average price over time period [t — L,t]. The simplest MA trading rule is the following

stock allocation strategy,”

1, if Sy > Ay

ne = n(S, Ar) = { 0, (12)

otherwise.
This is well defined when ¢ > L, and can be taken as zero or as another fixed constant when t < L.8

This standard (pure) moving average rule is a market timing strategy that shifts investments

"In practice, the MA rule is computed based on ex-dividend prices which will be analyzed in Section 3.
8The Appendix discusses how we choose the initial value of an MA rule.



between cash and stock. Almost all existing studies on the MA strategy take a 100% position in
the stock or nothing, i.e., the portfolio weight (on the stock) is ;. This is clearly not optimal for
two reasons. First, the MA rule should in general be a function of the risk-aversion parameter
~. Intuitively, v reflects the investor’s tolerance to stock risk, and it has to enter the allocation
decision as is the case for the earlier optimal fixed strategies. Second, the degree of predictability
must matter. The more predictable the stock, the more reliable the MA rule and hence the more

allocation to the stock.

Other than the pure MA rule, we also consider the following generalized MA (GMA) rule,
GMA(St, At,v) = &hix + Emv - 1(St, At), (13)

where &gy and &y are constants. This trading strategy is a linear combination of a fixed strategy
and a pure moving average strategy. It consists of all the previous strategies as special cases. For
example, &, is obtained by setting &y = &5,y and &my = 0, and 7, is obtained by setting &gy = 0

and &y = 1.9

There are three interesting questions associated with the GMA rule. First, what is the optimal
choice of {5y and &y, and how well does it perform as compared with other fixed strategies? Second,
&ax being equal to either g, or &f o, whether the optimal choice of &, is zero or not indicates
whether there is a gain in the expected utility when the fixed strategy is used in conjunction with
the MA rule. Third, imposing &g, = 0, the optimal choice of &, indicates the optimal amount of
investment based purely on the MA trading signal. If &,, = 1, the usual application of the MA
with 100% stock allocation is optimal. However, as easily seen from our analysis later, the optimal
value of &, is unlikely to be equal to one. These three questions will be answered first analytically

for the log-utility, and then numerically for the power-utility.

Analytically, the distribution of the arithmetic moving average A; is very complex and difficult

to analyze. On the other hand, the geometric moving average,

Gy = exp G /t tL log(S.) du) , (14)

Tt should be noted that if the initial state Xo is drawn from the steady-state distribution, the investor will know
Xo when he chooses the constants ¢’s in the GMA rule. Hence, the optimal £’s will depend on Xy. However, our
goal here is to find the optimal fixed &’s that are independent of initial conditions. In other words, we solve in what
follows the optimal allocation problem using the steady state distribution for Xo.



is tractable to allow explicit solutions. In addition, as shown in our later simulations, there are
little performance differences in our main results with the use of either averages. Henceforth, we
will focus our analysis on GMA(S;, Gy, 7), i.e., the generalized MA strategy based on the geometric

average.

3 Explicit Solutions: The Log-utility Case

In this section, we provide the explicit solutions of the optimal GMA strategies and compare them

analytically with both the optimal fixed and the optimal dynamic allocations.
Under the stationarity condition for X;, the wealth process corresponding to the GMA is

AWy

W= [r+ GMA - (o + p1 Xy — r)]dt + GMA - 0,dBy,
t

and hence, assuming T' > L, we have

L o2
log Wr =log Wo + 17+ [ dtlgia(po + i Xs —r = Z6i)
0

T 0_2 T N
+/ dt[gﬁx(/lo + /«LlXt e ?sgﬁx)] + gmv/JJl / thtnt
L L

T ) o2 T
+/ dt[Emy (po + p1 X —17) — ?ﬁiw — 02 &by + Us/ (&fix + Emvme)d By, (15)
L L

where X; = X; — X with X = —0p/61. Then the expected log-utility is'”

(1o + m X —7")2

Ucma = ElogWr = logWy+rT + 952 L
US
T B o2 T X
+/ dt&x[po + X — 1 — ?Sfﬁx] +/ dt&my i1 B[ X
L L
T B o2 )
+A dt[émv(lu’o + NlX - T) - ?Sfmv - O-sgﬁxémv]E[nt]' (16)
To solve the optimization problem, let
by = E[Xin(Sy, Gy, by = En(St, Gy)l, (17)

where b; is the covariance between X; and the moving average strategy 7, and bs is the probability

0 Consistent with footnote 9, the expectation operator E here is taken conditional on information set at ¢ = 0 and
with respect to the initial steady state distribution of Xj.



of Sy > G; at any given time. We show in the Appendix that

N C% mZ
by = EXH?(SuGt): 12 N/(_ 2

Joh g

); (18)

m3
by = ETZ(St» Gt) = N( )’ (19)

CZ

22

where
2 0,L
uio Oz0sp € —1
Cc% = z _ 1— 20
12 ( 26% 01 )( 61[/ )7 ( )
2 2 2 2
Z 9 | MOy  2u10505p, L W10z  H10z0sp 2 01L 61L
= — — - 1— 1—e™t 01Le’" 21
- o2 L

mé = (po + X — 5)57 (22)

and N(-) and N'(-) are the distribution and density functions of the standard normal random

variable, respectively. Since we assume X; starts from its steady state distribution,! it turns out

that b; and by are independent of time ¢. Therefore, the expected log-utility of (16) becomes

(po +mX —r)°
202

9
_ o
+eaxpo + X — 1 — ?SfﬁX] (T — L) + &uvpr by (T — L)

Ucyma = FlogWr = logWy +rT + L

2
Hléme (o + X = 1) = D&y — ok b2(T — L) (23)

With these preparations, we are ready to answer the three questions raised earlier. In doing so,
we assume the investment horizon 7T is greater than or equal to the lag length L throughout. This

assumption is clearly harmless.

3.1 Optimal GMA

On the question of finding an optimal fixed strategy that combines a fixed rule with the MA, the

results are given by the following:

Proposition 1 In the class of strategies GMA(S¢, G¢,7y), the optimal choice of &xx and &,y under

"See, e.g., Karatzas and Shreve (1991, p. 358) for a discussion on the steady state. The details of the derivations
are given in the Appendix of this paper.



the log-utility is

o ' 24
ix o2 (1 —bg)o?’ (24)
* /‘lbl
_ L 2
Sy ba(1 — bo)o?’ (25)
and the associated value function is
pibi
UGMAl = Uﬁxl + 2b2(1 — 62)0'3 (T - L) Z Uﬁx17 (26)

where Uy, is the value function associated with &f_;.

Proposition 1 says that the improvement over &g, is always positive by combining a suitable
fixed strategy with the moving average one unless p1 = 0. In the case of p; = 0, the price return is
unpredictable, and the fixed strategy &g, is optimal already. The point is that g, is not optimal
in general, and so the MA rule can help gain expected log-utility with the combination of another
fixed strategy. Recall that, in the log-utility case, &5 , = &7, ;. Hence, Proposition 1 applies to &g, 5

as well, and &g, is the only fixed strategy to compare with.

It is interesting to observe that

fizkix + (b2€:;1v) = ggxl' (27)

If the predictable variable X; is positively related to the stock market with p; > 0, the investor
invests less than the standard fixed strategy by the amount of b€}, since 0 < by < 1 and &, > 0.
Once the trend is up, as suggested by the moving average rule, the investor is more aggressive than
the fixed strategy by investing an extra amount of (1 —b9)&" . This is consistent with the intuition
that one should take advantage of the predictability of the stock market once it is detected by the
MA rule.

If one strategy outperforms another over horizon 7', it must continue to do so over a longer
time. Hence, Ugya; — Ugyy must be an increasing function of 7'. What is striking here is that
this relation is in fact linear in 7" in the log-utility case since by, b2, p1 and o4 are all horizon

independent parameters.

Proposition 1 also makes possible an analytical comparison between GMA1 and the optimal

dynamic strategy. Under the log-utility, the optimal dynamic rule (6) is the same as the myopic

10



rule
ot mXe—r

*
éopt - O_g

By substituting this optimal rule into the wealth process, we obtain the optimal utility

\ . 13EX?
Usp = Ui + 5 S (28)
0-8
Based on the value functions in both cases, we have
M% -2 b%
Us, — Ug > ——= |EX; ——| (T —L). 29
opt GMA1 = 20_3 t b2(1 — bg) ( ) ( )

Recalling that by = EX;n and by = En, we have var(n) = En? — (En)? = by(1 — by), and hence

b} (EXm)?  (cov(Xy,m)? _ E(XP)var(n) o
b)) T vl S varly) A

Therefore, equation (29) is always positive, as it must be, since U

opt 18 the expected utility under

the optimal dynamic strategy. It is seen that the smaller the o2, the smaller the difference. In
other words, the less volatile the predictable variable, the closer the GMA1 to the optimal strategy.
However, it should also be noted that, as o2 gets smaller, by also gets closer to zero, i.e., the MA

component becomes smaller too.

3.2 Combining A Fixed Rule with MA

Now, we answer the question of whether the moving average strategy can be used in conjunction
with &, to add value. To address this question, we need to solve the earlier optimization by

imposing the constraint that {sx = &, ;. In this case, we have

Proposition 2 In the class of strategies GMA(S;, G¢,y) with &sx being set at &f,, the optimal

choice of &,y under the log-utility is

€ = 13 (30)
and the associated value function is
s . Mib .
Ucmaz = Ugix1 + Do (T = L) = Ugya, (31)

where Ug, is the value function associated with &f_;.

11



As for Ulyia1> Ulaag is at least as large as Ug, ;. When there is predictability, it is clear that
Ulpae 1s strictly larger than Ug,, implying that the MA rule helps to improve the expected utility,

and does so strictly as long as the stock return is predictable.

An interesting observation is that £, in Proposition 2 differs from that in Proposition 1 by only
a factor of 1 — by in the denominator. Because 0 < by < 1, &, is smaller now in absolute value.
This is expected. Because &g, is set at &5 ,, the risk exposure to the stock market is relatively
high already as &g, > &f,. Hence, when the MA rule detects an upward trend in the market, the

investor acts more aggressively than &g, but less aggressively than before. Finally, it is seen that
pibt
* * * *
Ucmaz = Ucmar — 31— by)o? (T'— L) < Ugmar < Ugpy- (32)
S
While the second inequality, discussed earlier, is obvious, the first inequality should be true, too.

The fixed component of GMAL1 is optimally chosen, and hence its performance must be better than

the GMA strategy with that component being set at &f. .

3.3 Optimal Pure MA

As discussed earlier, a standard or pure moving average rule is a market timing strategy that shifts
money between cash and risky assets. Existing studies provide no guidance as to how much one
should optimally invest in the stock even if one believes it is in an up-trend as signalled by the MA
rule. Clearly, a 100% investment in the stock market is not optimal from a utility maximization

point of view. Here we solve the optimal amount explicitly.

Proposition 3 In the class of strategies GMA(S;, G¢,~y) with restriction &g = 0, the optimal

choice of &, under the log-utility is

s _ Hs—r b
é-mv - O_g + bQO'g’ (33)

and the associated value function, is

(1by + (ps — r)b2)* — (s — 7)2b2

U =Us
GMA3 fixl T 2907

(T - L), (34)

which can be either greater or smaller than Ug,,, the value function associated with &g ;.

Consistent with our intuitive reasoning in the introduction, Proposition 3 says that, if an all-or-

nothing investment strategy is taken based on the MA, the optimal stock allocation is unlikely to

12



be 100%. Recognizing that 100% is not optimal, one may suggest a two-step approach for making
use of the MA signal. In the first step, one determines the stock allocation, say &g ,, based on
a standard fixed allocation model, and then, in the second step, apply this in the market-timing
decision: invest that amount into the stock if MA signals a ‘buy’, and nothing otherwise. Equation
(33) says that this fixed amount differs from & in general, and hence the decision is suboptimal

too. The intuition is that one should invest more than that fixed amount if the trend is detected.

Proposition 3 also says that whether the pure MA strategy can outperform the fixed strategy
depends on particular parameter values. It can be verified that, if the following relation about the

risk premium is satisfied,'?

s — 1 < (35)

the pure MA strategy does yield a higher expected utility than the fixed strategy &g, ,. However,
with reasonable parameters calibrated from data, the above condition is not true. It implies that
the optimal pure MA strategy usually performs worse than the simple fixed strategy. Indeed, our
later simulations show that the pure MA strategy and its common analogues always perform the
worst. Hence, if the MA rule is to be of any value to investors, it must be used wisely and in

conjunction with the fixed strategies demonstrated by Propositions 1 and 2.

4 Comparison Under Power-Utility

In this section, we extend our earlier analysis to the power-utility case. First, we provide first-order
accurate analytical solutions to the optimal GMA1l, GMA2 and GMAS3 strategies that provide
insight on the role played by an investor’s risk aversion parameter. Second, we derive second-order
accurate analytical solutions to the strategies that are important for computing their performance
under the power-utility. Finally, using data on S&P500 and three popular predictable variables
from December 1926 to December 2004, we estimate the parameters of the model and examine
how the different investment strategies differ in terms of their economic losses versus the optimal

dynamic strategy.

12To appreciate the intuition behind the condition, we note that the denominator of the right hand side of the
inequality is dominated by 0.25. Therefore, a sufficient condition for pure MA strategy to outperform a fixed rule is
pu1b1 > 4(pus — r), which means that when mean reversion is stronger, the MA strategy is more likely to dominate the
fixed rule. Similarly, if the equity premium is not too large, the MA strategy is more likely to dominate.

13



4.1 First-order Approximate Solutions

In the power-utility case, because of the complexity of the utility function, it is infeasible for us
to derive an exact analytical solution for those trading strategies provided in the previous section.
Nevertheless, we can obtain a first-order analytical approximation. The solutions are insightful as

they reveal how the trading strategies are affected by +, the investor’s risk aversion.

By approximating fOT X.dt, fOT Xymdt and fOT nydt with their mean values, we can write the
expected utility under the GMA as

Wy exp(rT))1= _ o2 .
Vo)~ SOV oy [0 - )T [ganlpo + 10X = 1) = 2526 + g ELKind
% ’YUE 2 2
=+ [me(NO + ,U/IX - T) - 2 fmv - Vasgﬁxgmv]Ent . (36)
Optimizing this approximated utility function, we obtain
1
GMA(St,Gt,"}/) = ;GMA(St,Gt, 1) (37)

This says that the optimal generalized MA rules in the v # 1 case is simply a scale of those in the
log-utility case. Hence, much of the qualitative results obtained in the log-utility case carry over

to the power-utility case, with accuracy up to the first-order approximation.

For example, the GMA1 strategy in the power-utility case is still of the earlier form, but with
Bs —T f1b1
voi (1 —b2)o’
paby
Vb2 (1 = b2)o?

This says that we simply scale down the stock investment by 1/ when the investor is more risk-

ix = (38)

(39)

g*
mv

averse than the log-utility case. The same conclusion also holds for the GMA2 and GMAZ3 strategies.
Interestingly, this scaling corresponds precisely to the way by which the usual fixed strategy is
adjusted when the investor’s preference changes from the log- to the power-utility. In particular,
the optimal pure MA rule depends on . However, one should keep in mind that the simple inverse

dependance on ~ here is not exact, but only approximate with the first-order accuracy.

4.2 Second-order Approximate Solutions

While the previous approximate solutions make apparent the role of 7, they will not be accurate

enough in simulations for measuring the true performance of the optimal GMA strategies, which
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are analytically unavailable. One may propose a numerical method, such as simulation, to compute
the optimal GMA strategies, but this is feasible only for a given S;, G} and t. To evaluate the
performance of these strategies, however, we need to compute the optimal GMA strategies at
hundreds and thousands of draws of S; and G; and time t. Therefore, it is not possible to evaluate
the performance of the optimal GMA strategies numerically without an efficient way to determine
the strategies in the first place. To resolve this problem, we, in what follows, derive alternative
analytical solutions to the strategies. These are more complex than the earlier ones, but are accurate
to the second-order. As a compromise, they will be taken as the true strategies. Simulations will

then be used to evaluate their performances.

Rather than ignoring the second-order terms of the random variables in (15), we approximate

them by Gaussian processes that match both the first and second moments. Then, the power-utility,

1 _ 1
UG) = 1= B [Wr ] = g Blesp((1-7) log W)
can be approximated by
1—
vy = TSRO 60 exp {1 = 1) EICr + D + (6w, )
450 =2 EvarlOr + Dr 4 y{€ns, ) Fi]
+(1— ’)/)2€ﬁX§mVCOV(AT + Bp,Cr + Dp + yFT)}, (40)

where Ugy(&gx) is the value function associated with a given fixed strategy &gy,

— 1
y(gﬁxvgmv) = (/~L0 + X — "") - iaggmv - Uzgﬁxa

and

T T T
Cr = Ml/ e X¢dt, Dy = Us/ ned By, Fr = / nedt,
0 0 0

T T
AT = ,ul/ Xtdt, BT =S Js/ dBt
0 0
Upon some further algebraic manipulation, we obtain the power-utility value function as

(Wo exp(rT))1 =
1 -7~

U(’Y) - Uﬁx(fﬁx) exp{(l - 7)§mv [¢0 + ¢1€mv + ¢2€§1V + ¢35§m] }, (41)
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where

¢o = ECr+ (uo+mX —r— o2és) EFy

+(1 = 7)éaxcov(Ar + By, Cr + Dy + (o + 11 X — 7 — 02&x) Fr),

o1 = —%UgEFT + %(1 —y)var(Cr + Dr + (o + 1 X —r — azgﬁX)FT)
H(1 = 7)eacov(Ar + By, Fr),

p2 = (1—9)cov(Cr + Dr+ (uo + X —r — o2ay) Fr, —%O’?FT),

¢35 = %(1 — y)fvar(FT).

Hence, for any given &xy, we can solve the associated ¢, which maximizes U () of (41), as

R b2 g+ ¢+ 4p3/27 g pla+ @+ 4p3/27 7
gmv:74 - +7 5 (42)
¢s3 2 3 2
where )
o1 1 [(2¢9)\3 b0 2 gopnda 2 [242)°
van3Gn) s e () )

In particular, if &g = & 4 or & 5 or 0, we obtain the corresponding &, from (42) that yields
the approximate optimal GMA strategies. For easier reference, we will denote them as Fix1+MA,
Fix2+MA, and Optimal MA, respectively. These three together with & ; and & ,, denoted as
Fix1 and Fix2, consist of five strategies whose performances will be examined in detail in the next

subsection.

4.3 Comparison in Calibrated Models

To get further insights into the practical importance of the differences in the five trading strate-
gies, we in this subsection calibrate the model using monthly data on S&P500 and three popular
predictable variables from December 1926 to December 2004, and then use simulation to obtain

the certainty equivalent losses of the strategies as compared with the optimal dynamic one.

Table 1 reports the calibrated parameters (whose estimation details are provided in Appendix
D). As expected, the stock volatility estimates are virtually the same as o5 = 0.1946 across the

three predictable models when the predictable variable is taken as the dividend yield, term-spread
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and payout ratio, respectively.!® The same is true for the long-term mean of the stock return (not
shown in the table). However, both the volatility of the predictable variable and its correlation
with the stock return do vary across the models, making the comparison of the strategies more

interesting.

Since utility values are difficult to interpret, we compute below the certainty-equivalent utility
losses versus the optimal dynamic strategy. Normalizing the initial wealth at the level of one
hundred dollars, Wy = 100. Let gpt(Wo) be the expected utility based on the optimal dynamic
strategy, and U}‘(Wo) be the expected utility based on any of the five suboptimal trading strategies:
Fixl, Fix2, Fix]1+MA, Fix24+-MA, and Optimal MA. Since Ug,((Wo) > U} (Wp), there exists CE > 0

such that

Us(Wo — CE) = U3 (Wy). (44)

CFE can be interpreted as the “perceived” certainty-equivalent loss at time zero to an investor who
switches the optimal strategy to the suboptimal one. In other words, the investor would be willing
to give up C'E percent of his initial wealth to avoid investing in the suboptimal strategy. Similar
measures are used by Kandel and Stambaugh (1996), Péstor and Stambaugh (2000), Fleming,
Kirby, and Ostdiek (2001) and Tu and Zhou (2004), among others. In our computation of the
certainty-equivalent losses below, we set the risk aversion v = 2. In addition, we consider three
ad hoc MA strategies, MA1, MA2 and MA3, whose stock allocations are 100%, Fixl and Fix2,
respectively when the MA indicates a ‘buy’ signal, and are nothing otherwise. The first of them
is popular in practice. The other two are of interest because they provide information on how
the optimal pure MA might be different from an MA strategy with seemingly well-chosen stock

allocations.

Tables 2 and 3 report the CE losses in percentage points when L = 50 and 200 days, respec-
tively.!# The lag lengths are those used by Brock, Lakonishok, and LeBaron (1992), of which
L = 200 is also the lag length of the popular moving average chart published by Investor’s Busi-
ness Daily, the major competitor of the Wall Street Journal. There are several interesting facts.
First, the losses are substantial across all the strategies relative to the optimal dynamic one, and

they vary substantially, too, across predictable models. When the predictable variable is taken as

13The dividend yield is not the dividend-price ratio. See, e.g., Goyal and Welch (2003) for a detailed description
of these three predictable variables.
14The results when L = 100 are similar and omitted for brevity.
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the dividend yield, the losses (ignoring the ad hoc MA strategies, which will be dropped later for
reasons below) vary from 7.8951% to 50.3555%. The range widens, from 18.0587% to 59.3592%,
when the payout ratio is taken as the predictable variable. However, it narrows down to a low
of 1.5504% and to a high of 42.9099% when the term-spread is taken as the predictable variable.
The large losses suggest strongly that, in an asset allocation problem, it is very important to know
both the true dynamics of stock returns and the associated optimal dynamic strategy. This may
help explain why Wall Street firms spend enormous amounts of money collecting data and doing
research. Kandel and Stambaugh (1996) show that the economic loss can be significant when one
ignores predictability completely when there is in fact a small degree of predictability in the data.
In a continuous-time version of their model, this is apparent when we examine the losses of Fix1
versus the optimal dynamic strategy. However, the optimal dynamic strategy is difficult to identify,
while the fixed rules are more practical and easy to apply. Even if the optimal dynamic rule is
available, the predictable variable(s) may not be available at all time frequencies while the stock
price can be observed virtually continuously during trading hours for implementing any MA-based

strategies.

Second, Fix2 performs better than Fix1, which is not surprising since Fix1 is optimal only under
the iid assumption. The superior performance varies across predictable variables and achieves the
best level when the term-spread is taken as the predictable variable. The performance difference is
of significant economic importance even when 7' = 10. This suggests that ignoring predictability

entirely can lead to substantial losses in expected utilities even within the class of fixed strategies.

Third, the MA rule adds value to both Fixl and Fix2, and Fix2+MA is the best suboptimal
strategy. For Fix1, the MA improves its performance substantially by cutting the losses by at least
1-2% as long as T > 10. However, the MA provides only small improvement over Fix2. This does
not suggest necessarily that the practical value of the MA rule is small. In practice, it is extremely
difficult to know precisely what process the stock follows and what variables exactly that drive the
market. On the other hand, long-term stock return and volatility could be estimated with little
error due to the long historical data. This means that Fix1 is a feasible strategy while Fix2 may
not be, at least to a sizable number of investors. By the same token, the dynamic optimal rule is
difficult to identify in practice, as we have commented earlier. Currently, there is one-third of the

stocks are held by index funds and those invested in them are likely to invest their money with
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fixed allocations that resemble Fix1 more than Fix2. In addition, popular portfolio optimization
strategies (see, e.g., Litterman, 2003, and Meucci, 2005) are more like Fix1l than Fix2. To the
extent that this is true, the MA rule can have value. Theoretically, as explored in the next section,
uncertainty about the degree of predictability can make the MA rule add value to the optimal
dynamic rule, too, when the prior is not informative enough. Of course, there might be countless
other reasons for the usefulness of the MA rule since so many successful practitioners put their

money behind it in reality.

Fourth, the lag length makes only a small difference in the results except for the pure MA rule
(and the ad hoc ones) which by definition depend on L more heavily. Since the fixed rules are inde-
pendent of L, their values are the same across Tables 2 and 3. For both Fix1+MA and Fix2+MA,
their values change only from 8.1765% and 7.8951% to 8.1253% and 7.8961%, respectively, in the
dividend yield model with 7" = 10. When 7" = 40, the values are larger and so are the differences.
But the larger differences are still less than 0.5%. In contrast, for the Optimal MA, the largest

difference is as high as about 5%, occurring at T = 40.

Fifth, the optimal pure MA rules are much worse than other rules (except the ad hoc MA ones).
For example, when the dividend yield is taken as the predictable variable and L = 50, it has a loss
about twice as large as the fixed strategies rules when T' = 10. The qualitative results change little
as T increases. When the term-spread is taken as the predictable variable, the difference can be
four times as large. The least difference, still over 5%, occurs when the payout rate is taken as the
predictable variable. The results suggest strongly that one should not use MA alone, but only use

it in conjunction with the fixed strategies.

Sixth, the ad hoc MA rules, MA1, MA2 and MA3, perform worse than the optimal pure MA.
Theoretically, this is expected because the later is optimal. However, what is of interest here is
that the under-performance can be of significant economic importance. Since these ad hoc rules
perform poorly and do not add much information in comparison with other rules once we keep the

optimal MA, we will eliminate them henceforth.

Finally, let us examine the impact of using either arithmetic moving averages or the ex-dividend
stock prices in the computation of the GMA strategies. To see the influence of the first, Table 4
reports the same valuation as Table 3 except for that it replaces the previous geometric moving

averages with the arithmetic ones. The results are little changed. For example, when T = 40 and
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when the dividend yield is taken as the predictable variable, Fix1+MA has a value of 27.3783%,
which is virtually identical to the earlier value of 27.3408%. The largest difference occurs for the
pure MA rule, which is still less than 0.5%. To see the effects of the dividends, Table 5 computes
the losses of Table 3 by using the the ex-dividend prices instead, with an assumed annual dividend
yield of 3%. Although the differences are larger now, they are confined only to the MA rule. They
make no difference whatsoever for the GMA strategies. Overall, we find that our earlier conclusions

are robust to using either arithmetic averages or ex-dividend stock prices in the implementation of

the GMA rules.

5 Comparison Under Parameter Uncertainty

In previous sections, we assume that an economic agent making an optimal financial decision knows
the true parameters of the model, as is commonly done in a theoretical set-up. However, the true
parameters are rarely if ever known to the decision maker. In reality, model parameters have to
be estimated, and different parameter estimates could provide entirely different results. This gives
rise to the estimation risk associated with any trading strategy. In this section, we analyze the

performance of the various investment strategies under such parameter uncertainty.

One remarkable feature of the pure moving average rule is that it is parameter- and model-free,
and hence it is not subject to estimation risk once given an ex-ante allocation to the stock. Hence,
it will not be surprising that the optimal GMA rule discussed below is quite robust to parameter
uncertainty and does not require any prior estimate of the predictable parameter. In contrast, the
performances of the optimal dynamic rules rely more heavily on how reliable the estimates of the

true parameters are, which depends not only on the sample size, but also on the prior.

In a continuous-time model, it is well known that one can separate the estimation from the
optimization problem (see, e.g., Gennotte (1986)), and parameter uncertainty affects the optimal
portfolio choice through dynamic learning. Barberis (2000) and Xia (2001), among others, show
that this dynamic learning effect not only changes the myopic portfolio holding, but also adds a
new component for dynamic hedging arising from the parameter uncertainty. For tractability, we

follow Xia’s (2001) approach to model uncertainty about predictability to examine the usefulness
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of the GMA rule. In this case, the stock price dynamics can be re-parameterized as

ds _ N

?t = (o + 1 X + BXy)dt + 0sdBy, (45)
t

dXt = (90 + HlXt)dt + deZt, (46)

where 3 is an unknown parameter to be inferred from the data. Uncertainty associated with 3
obviously measures an investor’s uncertainty about predictability. All other parameters are assumed
known. In particular, the long-term mean stock return, g + 1 X, is known, where X = —z—(l’ is the

long-term mean of X;. Assume [ follows a diffusion process
dB = \B — B)dt + opdZ) | (47)

where the parameters of this process, i.e., the long term mean 3 and reversion speed A, are known
to investors. But the investor does not observe the innovation process Ztﬁ directly, and has to
infer the realization of § through observations on S; and X;. To complete the model, assume
E(dBdZ) = pgedt, E(dZ;dZ]) = pgedt, E(dB,dZ;) = pdt. Xia (2001) provides a detailed analysis

of this set-up and the associated properties.

Let Z; be the investor’s filtration. Adapted to Z;, the least square estimate of (3 is Gaussian,

with mean and variance:
by = E[B| 1], v = E[(B — b)*|Z4). (48)

Starting from a Gaussian prior for § with mean by and variance v, the Bayesian updating rule for

the conditional mean and variance, b; and vy, is (see, Xia, 2001)

dby = Ab— by)dt +vidB, +vadZy, (49)
d
% = =2\ + aé - (v% + v% + 2v1v2p), (50)
where
Z_) = B?
o — X = X) 4 0505(pss — ppap)
! (z's(l - p2) ’
2 os(1—p?) 7
R X —X)(B—b
aB, = dp+ B b gy
Os
dZt - dZt
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To further simplify the problem, we assume log-utility. In this case, the optimal dynamic stock

allocation can be solved analytically,

. s+ 0 (X — X) -7
gopt:u t( : ) . (51)

2
Os

Hence, the optimal log-utility level is
* r * v v 1 *2 2
Uope = ElogWr = | B |7+ &pe(po + X + B(Xe — X) = 1) = S&p05 | dt +logWo.  (52)
0
This value function can be computed easily via simulation.

In particular, the optimal fixed rule in the parameter uncertainty case, under the log-utility,

can be explicitly obtained as
. Ms—1r+Cp
fix=""—5—) (53)
S

g

where

Cr =~ /OTE 6% ae = L2222 -

T (01 — \)2

(01-NT _
e 1 _ 1] .

Intuitively, Cr captures the covariance between the predictability parameter 3 and state variable

X

In our simulations below, we study the performance of the following three strategies in our

parameter uncertainty setting:

1. The optimal dynamic learning rule £ as given by (51);
2. The optimal fixed strategy &, as given by (53);

3. The GMA rule, a combination of £, and the MA, with coefficients:
by 3by
x — fix — 7 /1 1 \_9°9 mv — 7 /1 1\ _99 54
fﬁ fﬁx b2(1 — bz)dg 5 bg(l — 52)0'3 ( )
where b; and by are defined similarly in (18) and (19) where the unknown g is replaced by

the long term mean f3.

As in Xia (2001), we assume pg, to be zero. Then, neither the fixed rule nor the GMA rule
depends on the unknown parameter 3, and & reduces to the optimal fixed rule & ,. In addition,
for the mean-reverting process on (3, we assume [; starts from its calibrated long-term mean,

Bo = 2.0715, and set the reverting speed A = 0.115 and the volatility og = 1.226.
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The results are provided in Table 6 with the dividend yield as the predictable variable, L = 200
days and T" = 10 years. The first two columns are values for the prior mean and standard error,
the third to the fifth columns are the expected utilities associated with the above three strategies,
and the last two columns are the certainty-equivalent losses (in percentage points) of the fixed and
GMA strategies relative to the optimal learning one. Because pg, = 0, neither the fixed rule nor the
GMA rule depends on the unknown parameter 3, and hence their performances are independent of
priors on . Of course, the performance of the optimal updating rule depends on the prior. When
the prior mean by = 0, both the fixed and the GMA rule under-perform the optimal learning rule
substantially, with losses from 10.67% to 12.40% and 10.07% to 11.80%, respectively. Among the
priors, /vg = 2 is clearly the best one, and hence it is not surprising to see that the associated
loss is the largest. Interestingly, while it is unclear ex-ante whether or not /1y = 1 is better than
V70 = 3, the former turns out to provide a higher expected utility for the optimal learning. The
reason is that the model seems to penalize large beta values more than small ones relative to the
true Bp. This is why that the losses become smaller when /v further increases from 3. When the
prior mean by = 4, the results are similar qualitatively. However, when the prior by = 6, which is
not too informative about the true Gy, the optimal learning rule can now perform worse than either
the fixed strategy or the GMA when /75 = 1. When the prior mean moves further away at by = 7,
the losses increase substantially to over 10%. The optimal learning also depends on the investment
horizon. As the horizon shortens, the optimal learning becomes worse, as shown by Table 7 with
T = 5 years. This is expected because less time makes learning less effective. Overall, to the extent
that uncertainty about predictability is high and the prior is not very informative, the widely used
fixed strategy appears viable as it can outperform the optimal learning one. On the other hand,
the MA rule can always add value to this fixed rule. Therefore, the MA rule or technical analysis

seems capable of capturing information on the market that is useful to investors.

6 Comparison Under Model Uncertainty

In this section, we consider further the case in which the true model is not completely known to
investors. Previously, the smart investors could obtain their optimal trading strategies based on
their assumed true model, but now the true model is unknown both to these smart investors and

to the technical traders. We examine how well the GMA strategy performs in this seemingly very
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realistic case because no one in the real world knows the exact model of stock prices. We find
that the GMA strategy is quite robust to model specifications and outperforms the optimal trading

strategies substantially when they are derived from the wrong models.

Recall that, in previous sections, we have solved the optimal GMA strategy in terms of the
true parameters of the model, but this is not absolutely necessary. Indeed, we show now that the
optimal GMA strategy can be estimated with much less dependence on the model. In other words,
the strategy is robust to a wide class of model specifications. To see this, assume now that we have
a very general stock price process

dSy

—t — Rydt + 0dB;, (55)
St

where R, is the instantaneous expected stock return that can be stochastic. For simplicity, o is
assumed, as before, as the constant volatility parameter. Then the log wealth process of the GMA

strategy is

T

T 1 T
log Wr = log Wo+7“T+/ (ﬁﬁx-i-fmv??t)(Rt—r)dt—i—/ (§ﬁx+§mvnt)adBt—2/ (§ﬁx+£mv77t)202dt.
0 0 0

Hence, the expected utility becomes
1 1
U=FlogWp=1logWy+rT + <£ﬁxb0 + &mvby — §§§X02 — 5ﬁx5mv0'252 - 251211\;‘7252) T, (56)
where

1 T
—— | E[R -
bo =77 /O (R, — r]dt,

1

T
b1 :T /0 E[ﬁt(Rt - T)]dt, (57)

1 (T
by =— Endt.
2 T/o it

Optimizing the expected utility, we obtain
A bO ~ 2~ 1 bl
Eo= — — ba&* = == | . 58
fﬁx 2€mv7 gmv 0_2(1 — bg) (bg 0) ( )

o2

The parameters defined in (57) can be written in terms of moments,
b() = E[Rt] -, bl = E[nth] - Tbg, bg = E[T}t] (59)

Thus, assuming stationarity as before, we can estimate them by their sample analogues. For

example, to see how b can be estimated, we write

A
RtAt = i - O'ABt.
St
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With the law of iterative expectation, we have

AS, )
S,At

by = EneEy(Ry — 1) = Ene(

which can be estimated by using the corresponding sample average of the right hand side.

Now we are ready to define the estimated optimal GMA strategy as follows (which differs from
the optimal GMA that solves from a given specification of the true model). At any time ¢, we use the
available sample moments up to that time to estimate the parameters given by (59). Substituting
the estimates into (58), we obtain the estimated optimal GMA strategy é%kix + é;;lvnt. Since the
estimates é;‘;x and é;w vary over time according to the moment estimates at time ¢, and since they
do not depend on future information, the strategy is a feasible rolling strategy. One should note

that no knowledge of the true model is needed other than the general form of equation (55).

To assess the model uncertainty effect, we assume that the true model is one of the three
calibrated models, but this is unknown to the investors. There are three cases to consider, each of
which corresponds to one of the three models as the true one, respectively. In the first case when
the model with the dividend yield as the predictable variable is assumed the true data-generating
process, Panel A of Table 8 reports the utility losses by using the estimated GMA and the optimal
trading strategies based on the wrong models, the second and third one, respectively.!® As before,
the losses here are measured relative to the true optimal strategy. When 1" = 5, the largest loss
of the estimate GMA is 5.3326%, far smaller than 17.2875%, the largest of the wrong optimal
strategies.'® It is also smaller than 6.5926%, the smallest of the latter. As investment horizon
increases, the loss increases. The same conclusion also holds when the assumed true mode is the
one with term-spread and payout ratio as the predictable variable, respectively, as indicated by the

results in Panels B and C of the table.

Another interesting question is how well the estimated GMA compares with the estimated fixed
strategy, i.e, f;‘ix = by /62 with by and 62 as the moment estimators. The utility losses associated
with g?ix are reported in the fourth column of Table 8. They are always larger than those associated

with the GMA strategy, and are substantial so in many cases. This says that the estimated optimal

5For simplicity in making the points here, we have assumed that there is only one wrong model each time. In the
case when there are many candidate models, one can imagine that the true model is still not any of them, and that
the optimal aggregation of all the candidate models gives rise to a single wrong model.

16 Although not reported, the estimated GMA differs only slightly from the optimal GMA. For example, in the first
case, when T' = 5 and L = 50, their difference is less than 0.5%.
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GMA outperforms the estimated fixed strategy not only when the true model is known, as it is the

case in Section 4, but also when the true model is unknown, as it is the case here.

Overall, our results show that, while the estimated GMA strategy has lower utility than the
optimal one, it outperforms all the optimal strategies when they are derived from wrong models.
Given that the true model is unknown and difficult to identify by investors in the real world, the
robustness of the GMA strategy, or of the technical analysis in general, makes it a valuable tool in

practice.

7 Optimal Lags

In previous sections, we have studied the various GMA strategies with some popular fixed lags. In
this section, we ask how the lag can be optimized. We study this problem under the log-utility with
the aid of the analytical solutions of Section 3. However, the optimal lag itself does not admit an
explicit solution, but can be solved in closed form approximately that provides qualitative insights
on the driving factors. Unlike Sections 5 and 6, we assume as usual in this section that the investor

knows all the true parameters of the model to simplify the analysis.

To study the determinants of the optimal lag, we restrict parameter values to those of practical

interest by assuming

2 2

o 20100
Ug > ,U12x A0y sp.

01 01

(60)

This is because o, is much smaller relative to o, and because the correlation p is close to zero.
This relation holds for all the three calibrated models. Using the unit-free variable z = \/|0:|L, we

can approximate equations (20), (21) and (22) by

2

1—e®

01Z2 ~ Ci1(1-— 72),
T
2

0222 ~ %L = CQCUZ,

2

— 2
m2Z — MS 205/ L — 03$2,
where
202 6 306, 2161
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Therefore, equations (18) and (19) can be approximated as:

b~ Cre—(1— ——5—) - f(Az) = Cih(x) f(4x), (61)
by ~ N(Azx), (62)

where

A=TG= 3 gl o
_ G

Ci= ==, (64)

M) = 11— 15, (65)

and f(-) is the standard normal density function. Then, we have

Proposition 4 In the class of strategies GMA(S, G¢, ), if the investment horizon T is long enough,
then the optimal lag Lop¢ under the log-utility is approximately given by

1+ A2 \/1+A§2 5 A?,
Lopw[\@lI( 5 () (5 +35)

where A; = % and A for the optimal GMA and Fix1+MA strategies, respectively.

-1

Proposition 4 says that optimal lag is mainly a function of the unconditional mean return g,
stock volatility o, and state variable mean reversion speed |61| given that 7 is large. Since ps
and o, are stable across different models, Loyt is mainly driven by the differences in ¢;. Figure 1
plots the CE losses of the above two strategies relative to the optimal dynamic one at various lag
lengths when T' = 40. Because of differences in 61, as predicted by Proposition 4, the optimal lag
in the term-spread model is the smallest, and becomes the largest in the payout ratio model. There
are in addition two interesting facts. First, the CE losses are much greater than those reported in
Tables 2 and 3. This is expected because here v = 1 while « has a value of 2 in the earlier tables.
The smaller the -, the more the risk taking, and so the greater the impact of the various stock
allocation strategies on the expected utility. Second, the performance across different lags do not
vary much for Fix1+MA, implying that our earlier utility comparisons are insensitive to the use of
the optimal lags. However, the optimal GMA rule is substantially more influenced by the use of the
optimal lag than Fix14+MA. But this will not affect our earlier results because numerical studies

on this rule are not provided due to the unavailability of its solution in the power-utility case.
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Now consider the optimal lag for the pure MA strategy. Intuitively, given a lag length, the
initial value of the moving average matters little when T is large. However, given T', the initial
value matters significantly in choosing L. This is because L can be chosen as T'. Indeed, since the
pure MA under-performs &g, under the practical parameter values, it will be optimal to let L = T'.
In this case, the pure MA will be identical to Fix1 since the initial value is chosen as &5 ;. An
alternative initial value for the pure MA is zero. In this case, it can be shown (see the Appendix)

that
2log(]01|T)
Alby |

when |0;|T is large. This makes intuitive sense. The larger the speed of mean reversion, the shorter

Lopt ~ (67)

the lag length to capture the change of trends.

8 Conclusion

Although technical analysis is popular in investment practice, there are few studies on it. The
empirical evidence is mixed, and we lack a theoretical understanding of why it might be useful.
In this paper, we provide the theoretical justification for an investor to use the moving average
(MA) rule, one of the widely used technical rules, in a standard asset allocation problem. The
theoretical framework seems to offer quite a few insights about technical analysis. First, it answers
the question of how much of his money a technical trader should allocate into the stock market if
he receives a technical buy signal, while previous researchers determine it in ad hoc ways. Second,
it shows how an investor might add value into his investment by using technical analysis, especially
the MA, if he follows a fixed allocation rule that invests a fixed portion of wealth into the stock
market (as dictated by the random walk theory of stock prices or by the popular mean-variance
approach). Third, when model parameters are unknown and have to be estimated from data, the
asset allocation framework illustrates that the combination of the fixed rule with the MA can even
outperform the prior-dependent optimal learning rule when the prior is reasonable and yet not too
informative. Finally, when the true model is unknown, as is the case in practice, we find that the
optimal generalized MA is robust to model specification, and its estimate outperforms the optimal

dynamic strategies substantially when they are derived from the wrong models.
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For tractability, our exploratory study assumes a simple predictable process for a single risky
asset and examines the simplest moving average rule. Studies that allow for both more general
processes (such as those with jumps, factor structures, and multiple assets) and more elaborate
rules are clearly called for. Broadly speaking, asset pricing anomalies such as the momentum
effect can also be regarded as one of the profitable technical strategies that depend on historical
information only. Questions that remain open are what underlying asset processes permit such
anomalies and what the associated optimal investment strategies are. Moreover, related issues of
interest are how past prices and trading volume reveal the strategies of the major market players,
with their incomplete and complementary information, and how their interactions determine future

asset prices. All of these are important and challenging topics for future research.
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Appendix

1  Proof of Equations (10), (18) and (19)

Let y; = log S;. Then the model for the predictable variable and stock price process is:

{ dX; = (8o + 01X;)dt + 0,dZ;,

: (a1
dyt = (,LLO + ,U‘lXt — 0'5/2)dt + O'SdBt,

where (Z;, By) is a two-dimensional Brownian Motion with correlation coefficient p.

To rule out any explosive behavior, we assume 61 < 0 throughout, which is consistent with em-
pirical applications. Furthermore, we assume that X; is a stationary process for ¢ > 0. Integrating

the stochastic differential equation (A1) for X;, we have

X, = Xoeht — 22’(1 — "t o, /Ot N t=s)qz,. (A2)

It follows that X; is normally distributed with mean and covariance
EX, = EXe"! - 22)(1 — it (A3)
cov(Xy, X;) = [V(0) - 2”51(@291“5) —1)]ef ), (Ad)

respectively, where E Xy and V(0) are the mean and variance of Xy. Then, the steady state mean

and variance of X; can be obtained by taking t — +oo in (A3) and (A4), i.e.,

_ 0o _ o2
X = —— T — _7"[.
0,’ Vi 204

The necessary and sufficient condition for X; to be stationary for ¢ > 0 is that Xg start from the
steady state, i.e., X is normally distributed with mean X and variance V(0) = V,. Under the
stationarity condition, the first two moments (A3) and (A4) that characterize the distribution of

X, can thus be simplified as:

_ 0 2
EX,=X=-2  cov(Xy, X,) = —%e"l\t—sl. (A5)
1

With initial conditions X|;—9 = Xo, y|lt=0 = yo, we integrate stochastic differential equations

(A1) to obtain

0 t
X; = Xoett — 9—0(1 — eelt) + Ux/ =) qz
1 0

t
Yt = Yo + / (o + 11 Xs — 02/2)ds + o By.
0
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Let M; = log G¢, where G} is the geometric moving average at time ¢, then

1 t
M; = / Ysds.
LJi1

To derive (10), we note, under constant holding &sxo, the wealth process is

T
log W =log Wy + 1T + Eaxo (o — r — §ﬁxga§/2)T + Ehxo b1 / Xydt + Efixo0sBr. (A7)
0

Then, optimizing over &40 the power-utility

o Blexp((1 =) ogWr)] = 1 exp [(1= )08 Wo + 7 + (o = 7 — Eina?/2T)]

T
Eexp {@ﬁxgm /0 XtdtwﬁxzasBT)(l—w] (A8)

we obtain the solution .
(o — 1) + mE[F [; Xudt]

_ , A9
62 = 207 (1 ) (A + 3m0sB) (49)
where
1 r 1 r
Tvar[/o wdt], Tcov[/O +dt, Br]
With (A6) and (A5), A and B can be simplified as
A = / dt/ ds < X; X, >= —/ dt/ dse/t 1!
26,
1—ehT
= T+ — A10
3 ( T > ! (A10)
and
T 0T _q
B:/ <X, Bp>dt="7 (""" _1), (A11)
0 01 61

where < -,- > denotes the covariance operator conditional on information at time 0 throughout the

Appendix for brevity, and we have made use of the following fact that for ¢ < T

t
< X;,Br> = ax/ =) < 47 Br >
0

= / pe?1(t=8) g — peffx( et — 1).
0 1

Now, to derive (18) and (19), taking expectation on (A6) and making use of (A5), we obtain

By = yo+ (no+mX —02/2)t,

_ L
EM; = Z/0+(M0+M1X—U§/2)(t—§)
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when ¢t > L. These results allow us to compute the following second moments for ¢ > L:

2

<Xy Xpp> = ——xhl
ty At—L 201 )
t —
<y, Xe_p> = / w1 < Xs, Xy > ds+ 0':50'5/ e(t=L=s) ~ dWys, By >
0 0
t—L t -
= / w1 < Xg, Xy > ds—{—/ w1 < Xg, Xy > ds —{—O’xO'sp/ 01 (t=L=s) g
0 t—L 0
2
_ oy 61 (t—L) 6L O20spP 61 (t—L)
= BEl%rg_ ft-L) _ — Z2TsPiq - A12
ach (ML) = T (- M-D) (A12)
t—L t
<X,y > = / 1 < X, Xy > ds + Uxas/ M=) < qW,, B, >
0 0
2
— 110, o Oz0sp 01L _ 01t A13
( 202~ 6, Jen =), (A13)

t ot t
<Y, Y > = Jgt—l—/ / u%<Xs,Xu>dsdu+205/ w1 < Xg, By > ds
0 Jo 0

(Nlo'x)2 . 2#10108P)t 4 ((Nlax)z . 2:“10-8090[))(1 _ 69115)’

2
= O‘S —|—
( 02 0 7 02

where we have used the fact < X, By >= 0, f(f e 5= pdu, for s < t, an equality

// < X5, Xy, >dsdu—9§t+03(1—691t),

and another equality

t
<Yty Y- > =< YL, Yi—L > +/ < X, Y1, > ds (A14)
t—L

2 2
(:Uflo-x) N 2M108po-ft)(t i L) + ((MlUI) _ :ulO-SpUl’)(l . 601(t7L) + 691L o 691t).

2
= O’S —|—
( P 0, 267 02

Next, we compute the following second moments involving M; using (A12) and (A14):

1 t
< X, My > = L/ < ys, Xy > ds
t—L
_ l(_ﬂlUg 0I05p>(1 N 91L) N (MIU% _ O-xo-sp)eelt
L 26} 6? 2602 61 ’
1 t
<y, My > = / < Yt,Ys > ds
L t—L
(1102)*  2p0504p L. (mo)*  mozpo
= (o34 9; - Qj . )(T—§)+( 29§ - ;2 2)(1—e"T)
1 1 1
(102)®  powpos, 1 0L _0(T-L) | 0T
_ _ - 1 _ 1 _ 1 1 X
(Top A +et)
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Finally, in order to compute < My, M; >, we note first

1

t 1 L
M, = / ysds = 7 / [ye-r + (e-rs = y1-1)]ds
LJit L Jo

1 (L
= YL+ L/ Ut—L+sds,
0

where §s_14+s = Yt—L+s — Yt—r. LThen, we can write < My;M; > as

1 b 1 [
<My, My > = < (y—1+ L/ Ut—1+sdS), (Ye—1, + L/ Ut—1+sdS) >
0 0

NN 9 L
= < My, My, > +L/ <YLy Yt—Lvs > ds— < Y1, Yt—1 >,
0

where M; = %fg ysds. Using (A14), we obtain

<Mt,Mt> = // < Ys, Yy > dsdu
_ (MIU$)2 2p10,05p
- 3(05 T T
(MlUx)2 H102Pp0 s 2¢01t 2 01t
— 1-— ————(1—¢e"t
(g e e (I EACI

For the term fOL < Yt—L, Yt—IL+s > ds, equation (A14) can be used for its computation. Hence, we

get the last term for determining the covariance matrix of the trio (X, yi, My) as

2 2 2L
< Mt,Mt S = ( + (Mlaz) MlUmUsp)(t _ 7)

2 6 3
+ (Mlaa;)Q _ H10:P0¢ 1— 1 (1 _ 601L + 91L€01L) _ i(l _ €61L)(1 _ eel(th))
203 02 0.1 0L

Summarizing above, we have

Lemma 1 For ¢t > L, the trio (Xy,y:, M) are jointly normally distributed with mean n =

(n1,n9,n3) given by

to
nG = -

0
ng = yo+ (po — %10 — o3 /2)t,

[\
NS
~—

0
ms = w0t (o — = —al/2)(t -
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and covariance matrix D = (D;;) given by

02

Dn = —27;1,
Dqy = (0’? + (Nl@?x)Q _ 2/llgfgsp)t (Z? . 2#1‘;%005/))(1 _ eelt)7
D3z = (02 + (:ulea%:r)2 B 2#1697:1c03,0)(t _ %)
+((M10§)2 B M1052p%) L2
265 01 (01L)? 01L
Dy = (élg%% - Ux;lsp)(l — ety
Dis = i(_l;l%% ngff%sp)(l _ MLy (A;é% N O'xeol'sp)eglt’
Dys = (024 (me?c)Q B 2”1‘;%”)(:: B g) N ((u;g%c)Q _ m%}p%)(l o
_((M;g§)2 - Ml?%pax)ellL(l _ D D) ity

With Lemma 1, the proof of (18) and (19) follows from

2
(1—e"E 491 Le ) — = (1 —e"E) (1 — 00|

Lemma 2 Let X; = X; — X and Z; = vy — M. Then (Xt, Z;) is normally distributed with mean

m? = (ny,ne — n3), and covariance C% = (C’g) given by
Z _ zZ _ Z _
Cli = Dn, €3 = D+ D33 —2Dg3, C{y = D1z — D1s.
Moreover,
m3

Ellz,>0] = N(

),

\VC%
A VA VA
A my Cly my
VO35  \/C% V5

E[Xi1z,>0]

(A15)

Proof: It is sufficient to prove only equation (A15), which is generally true for any jointly

normal random variable (z,z), with mean (mg,m.), standard deviation (o,,0,), and correlation

p, l.e.,

Blal.<o) = maN(22) + pog N'(— 22,

z Oz

Indeed, after standardization,

(A16)



we can write

where é is the standard normal variable that is independent of Z. Generally, for m, > 0, which is

satisfied by our application, where E[Z;] = E[y:] — E[M;] > 0. Therefore, we have

E[ﬂl‘lzgo] = E[(O’xi‘—l—mx)lgg_%]

z

Oz

m m
= myN(——") = pogN'(=—).
z Oz
Therefore,
m
Ell:20] = Blz] = Elrl.<o] = meN(—=) + poeN'(=—)
z z

which proves (A16).

2  Proof of Propositions 1, 2 and 3

Notice first that all three GMA strategies involve MA which is only well defined for t > L. When
t < L, we define them here as the optimal fixed strategy &g, which is the same as & ; under the
log-utility. Thus, the complete GMA rule is

gﬁx + gmv . 77(Sta Gt)a for t> L;

Efts for t< L. (A17)

GMA(S;, Groy = 1) = {

This makes comparison across the strategies fair since they all start from £gy1. For example, if the
pure MA had started from zero, it would surely under-perform the other two over [0, L] assuming
a positive risk premium. Analytically, the same starting point makes the expressions simpler. But
this implies that we assign an initial value of £f , for the pure MA strategy, while the initial values
of the MA components in the first two strategies are different (to make the combined GMA start
from the same point). Clearly, for a fixed L, the initial value has little impact if any when 7T is
large. This is also consistent with the numerical results in Sections 3 and 4. However, when study
optimal lags, the initial value does matter because the optimal lag of pure MA strategy can be

close to T' (see Section 7).

With any of the MA strategies, the key is to maximize the expected log-utility, which follows
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from Appendix A.1 and (23), as a function of &gy and &y,

(o + m X —r)?
202

J2

‘I‘fﬁx[/io + MlX -7 — ?sfﬁx] (T - L) + gmv,ulbl (T - L)

Ucma ($hix, Emv) = logWo + 1T + L

2
+[&mv (o + 11X — 1) — %S'f?nv — 02l ]b2(T — L). (A18)

where by and by are defined in (18) and (19).

To prove Proposition 1, we need to maximize Ugma (€x, Emy) With respect to both &gy and &y

The first order conditions are

8UGMA (éﬁ)u fmv)

I —
8§ﬁx |£ﬁx_§ﬁxygmv—§mv )
OUcMA (&fix; Emv)
85 = = ’EﬁX:£Ex7§IHV:E?ﬂV = O? (Alg)
mv

which implies

pio + X — 1 — 02gy — 02 Emyba = 0,

by + (o 4+ 11X — )by — 02(Eax + Emy)b2 = 0.

With some algebra, we obtain the optimal solution:

¢ po+mX —r b
fix o2 (1 —by)o?’
, p1b1

v =

ba(1 — by)o2’
Since the value function for log-utility associated with &£ ; is

(po + NIX - 7”)2
202

Ui = logWo +rT + T,

we obtain equation (26) by substituting this into Ugnma (&ax, Emv) evaluated at the optimal solution
(gizki)(’ é—l’tlv) N

To prove Proposition 2, we simply let &y = &f, and optimize Ugma (§fyqs Emv) Over Emy alone.

Similar algebra yields the solution. The proof of Proposition 3 follows analogously.
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3 Proof of Equation (42)

To maximize U(y) of (41) over &y, it is equivalent to maximize

max f(Emv) = Emy (G0 + d1émy + G262, + B3E3,).

mv

The first-order condition is

F (&) = b0 + 2016my + 302l + dd3&h, =0,

which in turn can be transformed to

¥ +py+q=0,

where

®2

=&mv + ——
y=2¢ 4¢3

(A20)

(A21)

with p and ¢ given in (43). Numerical computations show that, for a wide range of parameters of

interest, we have

3

2
— > 0.
q+27>

(A22)

The solution to cubic equation (A21) is known as Cardano solution (e.g., Curtis (1944)), which is

given by

*

3

1
q+ @ +4p3/27] Pop
2 T3

Under condition (A22), this is the unique real root. Hence

* ¢2 *
mv — -+
3 205 Y

_1
q+ @+ 4p3/27] :
5 .

which is the same as equation (42). Furthermore, it can be verified that ¢; < 0, and so this solution

to (A20) is indeed a maximum.
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4 Computing the ML Estimators

Following Huang and Liu (2007), the continuously compounded return R;y1 = log(S¢+1/5¢) and

X471 are jointly Gaussian, and the log-likelihood function, conditional on Xj, can be written as

T

£(©) = ) logf (R, Xi|X; 1;0)
t=1

T
= -3 (2log27r+loga% + log o3 + log (1 — ,0%2))

1 XT: { (Rt —an — G12Xt—1)2 n (Xt — b1 — biaX; 1)

2 (1 - p%Z) =1 0-% U%
_ 2p12 (Rt — a1 — a2 Xe—1) (X — b1 — b12Xe—1) }
0102 ’

where © = (a11, a12, b1, b12, 01, 02, p12) with

1 0 0 0
ain = (po—5 3 'uélo)AH—M;QO <691At — 1) ,a12 = %11 <691At - 1) ,b11 = 97[1) (ealAt — 1) b2 = eelAt7
2 Nl o2 2/ 1 201 At M% 9 | 2m 61 AL H1 o
ot = (02 + ﬁ z WPUst)At + Tel(e - 1)@% + 02 (e = 1)(posoy — 9*1%),
1

0_2 — 0—73(6201At _ 1)
27 260 ’

M1 ( 01 At 1)20_5 + POsO (691At o 1)

P120102 = 292 o

Let Y be a T x 2 matrix formed by observation on R; and X;, and Z be formed by a T-vector

of ones and the T values of X;_1. Define

B:(“H b“), 2:( o pl?";”). (A23)

aiz b2 P120102 oj

Then, the estimator of B is B = (X'X)"'X'Y, and that of £ is 3 = (Y — XB) (Y — XB)/T. The

estimator for the original parameters, such as pg, can be backed out from these estimates.
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5 Proof for the Optimal Lags

Now we need to optimize equation (26), (31) and (34) over L. To prove Proposition 4, consider

Uépiar — Usy and Udypae — Ugyq - Ignoring some constants, the target functions are

b? L L b2 I I
by () =V ) and Ur=jl- ) =01 - ), (A24)

Ui = T T T

T

bo

where V1 and V5 are defined accordingly. Since Vi and Vs are T' independent, so are their maximum

over L. As T is large, 1 — % can be ignored, and hence we need only to maximize V; and V5.

The first-order condition for maximizing V5 is

2011, by — b2b,

vy =

= 0. (A25)

Substituting those approximate expressions (61) and (62) for by and be, we have

(z)f*(Az)

2K (z) f(Az) — 2Azh(x) f(Az) — AhN(A:E) = 0. (A26)

This is a transcendant equation that is difficult to solve without further simplifications. It can be
shown that the third term is dominated by the first one when z < 1, and by the second one when

x > 1. Ignoring the third term, we need only to optimize

by = h(x) - f(Ax). (A27)
The Taylor expansion for h(z) is
r 2 ad
h(x)_g_g_i_ﬂ_k...’ (A28)

which implies that (A27) can be approximated by

T x3+x5) ( A2w2)
—— — 4+ —)exp(— .
2 6 " 2a/ Py

( (A29)

Taking derivative with respect to x and letting it be equal to zero, we obtain, after ignoring higher-

order terms,
5 A%, 1442, 1

The smaller root of the above quadratic equation, which corresponds to the maximum, is the

solution for the second case of Proposition 4.
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To provide solution for the first case, we now maximize V7. Its denominator can be approximated

by N(Az)- N(—Ax), and hence

Voo PP@fA) 1
' N(Az)N(—Az) ~ C- N(Ax)

() /TAD)|

where we have used the approximation N(—Azx) ~ C - f(Ax) for Az > 0 and large. Similar to the
earlier case, we can ignore N (Az), and hence the target function becomes to h(x) - \/f(Az). This

has the same form as (A27) with % plays the role of earlier A. Therefore, the solution follows.

Finally, to derive (67), we need to maximize Uz = Ugyjas — (“§;§)QL. Similarly, this can be
replaced by a target function
2
x
Vs = [mCih(z)f(Az) + CsN(Az)] - (1 - |91!T)
1 1—e z?
= Cy-—(1————)f(4A CsN(Az)] - (1 —
G- (1= =G )F(Ax) + CoN(A2)] - (1 = o)
72

~ CsN(Az) - (1 - —), A30
SN (4r) - (1= 57) (A30)

where the last approximation is due to the dominance of the second term in the bracket. The

first-order condition is

2
x
Ax) - (1 - — N(Ax) =0. A3l
F(Ax) - (1= ) = N () =0 (A31)
Since there is only one solution, we can verify that
2

and hence we can reduce the first-order condition to Af(Az) ~ ﬁx. This implies (67).
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Table 1: Calibrated Model Parameters

The table reports parameter estimates for the following cum-dividend price process,

ds,
St

dX, =

where g, 11, 0s, 0o, 01 and o, are parameters, X; is a predictive variable, and B; and Z; are standard
Brownian motions with correlation coefficient p. The estimation is based on monthly returns on
S&P500 from December 1926 to December 2004, and on X; which is the dividend yield, term-spread

(po + 1 X¢)dt + osdBy,
(0o + 01X;)dt + 0.dZy,

and payout ratio, respectively, in the time period.

Dividend yield Term-spread Payout ratio

1o 0.0310
[ 2.0715
o 0.1946
b0 0.0100
0, -0.2532
Ox 0.0122

p -0.0730

0.0969
1.2063
0.1947
0.0087
-0.5270
0.0132
0.0014

0.2824
-0.2917
0.1942
0.0140
-0.0296
0.0497
-0.0031




Table 2: Utility Losses Versus Optimal Strategy (L = 50)

The table reports the utility losses, measured as percentage points of initial wealth, that one is
willing to give up to switch from a given strategy to the optimal dynamic one. The moving average
(MA) lag length L is set equal to 50 days. Fix1 is the standard fixed allocation rule and Fix2 is
such a rule accounting for predictability. Fix1+MA and Fix24+MA are those combined with the
MA. Optimal MA is the strategy that uses the MA optimally without any combination of fixed
rules, and MA1, MA2 and MA3 are ad hoc MA only strategies whose stock allocations are 100%,

Fix1 and Fix2, respectively when the MA indicates a ‘buy’ signal, and are nothing otherwise.

Dividend yield Term-spread Payout ratio

T=10
Fix1 8.8445 3.8948 20.8564
Fix2 7.9044 1.5676 18.0614
Fix1+MA 8.1765 2.6154 18.6388
Fix2+MA 7.8951 1.5504 18.0613
Optimal MA 16.3033 13.0875 27.6918
MA1 17.7622 14.0367 28.0962
MA2 17.2341 14.4233 30.8149
MA3 16.8626 13.6139 28.4319

T=20
Fix1 16.6797 7.6093 31.2747
Fix2 15.1708 3.1122 30.6817
Fix1+MA 15.3441 4.6476 30.6190
Fix2+MA 15.1608 3.0586 30.6814
Optimal MA 29.3260 23.9314 41.3094
MA1 31.5715 25.6522 43.1087
MA2 30.6943 26.2543 43.9738
MA3 30.0402 24.8735 42.9918

T=40
Fix1 30.3693 14.6129 50.6936
Fix2 28.0266 6.1289 49.4951
Fix1+MA 27.9065 7.9488 50.2724
Fix2+MA 27.9847 5.8799 49.4951
Optimal MA 50.3555 42.9099 59.3592
MA1 53.6836 45.2836 63.6320
MA2 51.9720 45.5609 60.0394

MA3 51.1360 43.7584 61.3035




Table 3: Utility Losses Versus Optimal Strategy (L = 200)

The table reports the utility losses, measured as percentage points of initial wealth, that one is
willing to give up to switch from a given strategy to the optimal dynamic one. The moving average
(MA) lag length L is set equal to 200 days. Fix1 is the standard fixed allocation rule and Fix2 is
such a rule accounting for predictability. Fix1+MA and Fix24+MA are those combined with the
MA. Optimal MA is the strategy that uses the MA optimally without any combination of fixed
rules, and MA1, MA2 and MA3 are ad hoc MA only strategies whose stock allocations are 100%,

Fix1 and Fix2, respectively when the MA indicates a ‘buy’ signal, and are nothing otherwise.

Dividend yield Term-spread Payout ratio

T=10
Fix1 8.8445 3.8948 20.8564
Fix2 7.9044 1.5676 18.0614
Fix1+MA 8.1253 2.4974 18.1453
Fix2+MA 7.8961 1.5472 18.0587
Optimal MA 15.1814 11.5260 24.8460
MA1 17.2853 14.0991 25.8806
MA2 16.3831 13.6423 28.1928
MA3 16.1825 13.3845 26.0471

T=20
Fix1 16.6797 7.6093 31.2747
Fix2 15.1708 3.1122 30.6817
Fix1+MA 14.9916 4.4603 30.5210
Fix2+MA 15.1677 3.0395 30.6817
Optimal MA 26.5693 21.4349 38.7195
MA1 30.6418 24.8091 41.2517
MA2 29.2722 24.6615 41.5063
MA3 28.7557 23.6940 40.5912

T=40
Fix1 30.3693 14.6129 50.6936
Fix2 28.0266 6.1289 49.4951
Fix1+MA 27.3408 6.9752 50.6936
Fix2+MA 28.0207 5.8872 49.4951
Optimal MA 45.3152 36.6855 55.4043
MA1 49.7462 40.3596 59.8256
MA2 48.7554 41.7133 56.5179

MA3 47.5196 39.0324 97.9567




Table 4: Utility Losses Versus Optimal Strategy for Arithmetic Average

The table reports the utility losses, measured as percentage points of initial wealth, that one is
willing to give up to switch from a given strategy to the optimal dynamic one. The moving average
(MA) lag length L is set equal to 200 days. Unlike Table 3, the MA is now based on the arithmetic
average instead of the geometric average. Fix1 is the standard fixed allocation rule and Fix2 is such
a rule accounting for predictability. Fix1+MA and Fix2+MA are those combined with the MA.
Optimal MA is the strategy that uses the MA optimally without any combination of fixed rules.

Dividend yield Term-spread Payout ratio

T=10
Fix1 8.8445 3.8948 20.8564
Fix2 7.9044 1.5676 18.0614
Fix1+MA 8.0907 2.5136 18.1525
Fix2+MA 7.9008 1.5466 18.0701
Optimal MA 15.0735 11.6682 24.9513
T=20
Fix1 16.6797 7.6093 31.2747
Fix2 15.1708 3.1122 30.6817
Fix1+MA 15.0358 4.3909 30.5307
Fix2+MA 15.1663 3.0526 30.7185
Optimal MA 26.8732 21.3547 38.9168
T=40
Fix1 30.3693 14.6129 50.6936
Fix2 28.0266 6.1289 49.4951
Fix1+MA 27.3783 6.6970 50.6600
Fix2+MA 28.0170 5.9626 49.6410

Optimal MA 45.7154 36.2868 55.8563




Table 5: Utility Losses Versus Optimal Strategy with Ex-dividend Price

The table reports the utility losses, measured as percentage points of initial wealth, that one is
willing to give up to switch from a given strategy to the optimal dynamic one. The moving average
(MA) lag length L is set equal to 200 days. Unlike Table 3, the MA is now based on the ex-dividend
price instead of the cum-dividend price. Fix1 is the standard fixed allocation rule and Fix2 is such
a rule accounting for predictability. Fix1+MA and Fix2+MA are those combined with the MA.
Optimal MA is the strategy that uses the MA optimally without any combination of fixed rules.

Dividend yield Term-spread Payout ratio

T=10
Fix1 8.8445 3.8948 20.8564
Fix2 7.9044 1.5676 18.0614
Fix1+MA 8.1528 2.7371 18.1492
Fix2+MA 7.8978 1.5212 18.0638
Optimal MA 16.0852 13.2148 25.7408
T=20
Fix1 16.6797 7.6093 31.2747
Fix2 15.1708 3.1122 30.6817
Fix1+MA 15.1637 4.5174 30.5592
Fix2+MA 15.1619 3.0577 30.7276
Optimal MA 28.6068 23.0312 40.0777
T=40
Fix1 30.3693 14.6129 50.6936
Fix2 28.0266 6.1289 49.4951
Fix1+MA 27.3789 6.7349 50.8201
Fix2+MA 28.0283 6.0231 49.6831

Optimal MA 47.1715 38.6881 56.7177




Table 6: Comparison Under Parameter Uncertainty (T=10)

The table reports both the utilities of the optimal learning, the standard fixed and the combination

of the fixed with MA (GMA) strategies, and the associated certainty-equivalent losses, measured

as percentage points of initial wealth, relative to the optimal learning strategy. The MA length is

200 days and investment horizon is T' = 10 years. The predictability parameter (§ is captured by a

mean-reverting process starting from its long-term level §y = 2.0715. The standard normal prior

on fy has a prior mean by and standard deviation /1.

bo o Ugptl Usx  Uama CEgse CEgma
0 1 1.1371 1.0144 1.0204 12.27 11.67
0 2 1.1384 1.0144 1.0204 12.40 11.80
0 3 1.1340 1.0144 1.0204 11.96 11.36
0 4 1.1211 1.0144 1.0204 10.67 10.07
4 1 1.1470 1.0144 1.0204 13.26 12.66
4 2 1.1490 1.0144 1.0204 13.46 12.86
4 3 1.1451 1.0144 1.0204 13.07 12.47
4 4 1.1313 1.0144 1.0204 11.69 11.09
6 1 0.9989 1.0144 1.0204 -1.55 -2.15
6 2 1.0153 1.0144 1.0204 0.09 -0.51
6 3 1.0295 1.0144 1.0204 1.51 0.91
6 4 1.0349 1.0144 1.0204 2.05 1.45
7 1 0.8880 1.0144 1.0204 -12.64 -13.24
7 2 0.9151 1.0144 1.0204 -9.93 -10.53
7 3 0.9424 1.0144 1.0204 -7.20 -7.80
7 4 0.9606 1.0144 1.0204 -5.38 -5.98




Table 7: Comparison Under Parameter Uncertainty (T=5)

The table reports both the utilities of the optimal learning, the standard fixed and the combination

of the fixed with MA (GMA) strategies, and the associated certainty-equivalent losses, measured

as percentage points of initial wealth, relative to the optimal learning strategy. The MA length is

200 days and investment horizon is T' = 5 years. The predictability parameter 3 is captured by a

mean-reverting process starting from its long-term level §y = 2.0715. The standard normal prior

on fy has a prior mean by and standard deviation /1.

bo Vo Usptl Usx Uama CEs CEguma
0 1 0.5026 0.4567 0.4603 4.59 4.23
0 2 0.5035 0.4567 0.4603  4.68 4.32
0 3 0.5005 0.4567 0.4603 4.38 4.02
0 4 0.4914 0.4567 0.4603 3.47 3.11
4 1 0.5144 0.4567 0.4603 5.77 5.41
4 2 0.5147 0.4567 0.4603 5.80 5.44
4 3 0.5107 0.4567 0.4603 5.40 5.04
4 4 0.5002 0.4567 0.4603 4.35 3.99
6 1 0.4037 0.4567 0.4603 -5.30 -5.66
6 2 0.4143 0.4567 0.4603 -4.24 -4.60
6 3 0.4226 0.4567 0.4603 -3.41 -3.77
6 4 0.4241 0.4567 0.4603 -3.26 -3.62
7 1 0.3190 0.4567 0.4603 -13.77 -14.13
7 2 0.3375 0.4567 0.4603 -11.92 -12.28
7 3 0.3552 0.4567 0.4603 -10.15 -10.51
7 4 0.3658 0.4567 0.4603 -9.09 -9.45




Table 8: Comparison Under Model Uncertainty

The table reports the utility losses of the estimated optimal GMA, the optimal strategies derived
from the wrong models and the estimated fixed strategy, measured as percentage points of initial
wealth relative to the optimal strategy of knowing the true model. The moving average (MA) lag
length L and investment horizon T' are set equal to 50, 100, 200 days and 5, 10 and 20 years,

respectively.
Estimated Optimal GMA Estimated Uncertain Model
L=50 L=100 L=200 Fixed Strategy Wrong Model 1 Wrong Model 2
Panel A: Dividend yield
T=5 5.2284 5.3326  5.3326 5.6161 6.5926 17.2875
T=10 13.5583 13.4199 13.3593 13.9894 15.4393 38.9453
T=20 28.2943 27.9709 27.8483 28.3660 31.0094 70.7737
Panel B: Term-spread
T=5 1.3607 1.4297 1.4198 1.8330 6.5926 9.8685
T=10 3.8922 3.7576  3.6517 5.4083 15.4393 23.4327
T=20 8.7347 8.5703  8.3598 11.2636 31.0232 50.3464
Panel C: Payout ratio
T=5 3.3718 3.4588  3.6420 4.1897 17.2875 9.8685
T=10 12.3133 12.3922 12.7245 16.4312 38.9453 23.4327

T=20 34.9361 35.3770 35.4674 40.1124 70.7737 50.3365




Figure 1: Effect of Lag Length

The figure plots the certainty-equivalent losses versus the moving average lag length measured in

days in the three predictable models.
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